Mathematica 11.3 Integration Test Results

Test results for the 70 problemsin "4.5.4.1 (a+b sec)"m (A+B sec+C
sec”2).m

Problem 2: Result more than twice size of optimal antiderivative.
JSec[c+dx}5 (A+Csec[c+dx]?) dx

Optimal (type 3, 98 leaves, 4 steps):
(6A+5C) ArcTanh[Sin[c+dx]] (6A+5C)Sec[c+dx] Tan[c+dx]
+

+

16d 16d
(6A+5C) Sec[c+dx]*Tan[c+dx] CSec[c+dx]®Tan[c+dx]
+
24d 6d

Result (type 3, 4451eaves):
_3ALog[Cos[i (c+dx)] —Sin[i (c+dx)]] 5CLog[Cos[§ (c+dx) ] —Sin[i (c+dx)]]

- +

8d 16d
3ALog[Cos[% (c+dx)] +Sin[§ (c+dx)]] ) 5CLog[Cos[§ (c+dx)] +Sin[§ (c+dx)]] )
8d 16d
C A
+ +

48d(Cos[ (c+dx) Sln[ (c+dx)”6 16d(Cos[§(c+dx>]—sin[%(c+dx)})4

] -
C 3A
16 d (Cos[ (c+dx)] -

sin[1 (c+dx)])® 16d(cos[L (c+dx)]|-sin[ (c+dx)])?

5C

A

] -
C
32d (Cos[% (c+dx) ] —Sin[% (c+dx)”2 48 d (Cos[% (c+dx) ] +Sln[ (c+dx)”6
@
]

16d(Cos[i(c+dx)]+Sin[§(c+dx”)4 16d(Cos[§(c+dx) +Sln[ (c+dx”)4

3A 5C

16d (Cos[% (c+dx)] +Sin[§ (c+dx)})2 32d (Cos[% (c+dx) ] +Sin[% (c+dx)”2

Problem 8: Result more than twice size of optimal antiderivative.

JCos[c+dx} (A+Csec[c+dx]?) dx
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Optimal (type 3, 24 leaves, 2 steps):
CArcTanh[Sin[c+dx]] ASin[c+dXx]
+
d d

Result (type 3, 92 leaves):

_CLog[Cos[§+d7X}—Sin[§+d7x]] )
d

CLog[Cos[§+d7X] +Sin[§+d7XH +ACos[dx] Sin[c] +ACos[c} Sin[d x]
d d d

Problem 17: Result unnecessarily involves higher level functions.

J(bSec[Cerx])s/2 (A+CSec[c+dx]?) dx

Optimal (type 4, 110leaves, 4 steps):
2b% (5A+3C) EllipticE[> (c+dx), 2]

+

5d+/Cos[c+dx] v/bSec[c+dx]
2b (5A+3C) VbSec[c+dx] Sin[c+dx] 2C (bSec[c+dx])3/2Tan[c+dx]

+

5d 5d

Result (type 5, 180leaves):

,([4]1@—1 (c+dx) Cos[c+dx]3 _SA (1+e21(c+dx)>27c (3+Sezj(c+dx) +(e4]1(c+dx)> .

3 .
, =, g2t (c+dx)]
4

AR
-
N R

(5A+3C) (1+e?! (<99 *'% Hypergeometric2F1| -

/(sd (1+e2t(9¥)2 (A1 2C+ACos|2 (c+dx)]))]

(bsec[c+dx])>?* (A+CSec[c+dx]?)

Problem 19: Result unnecessarily involves higher level functions.

dx

JA+CSec[c+dx]2
\bSec[c+dx]

Optimal (type 4, 68 leaves, 3 steps):
2 (A-C) EllipticE[i(udx),z] 2CTan[c+dx]

+

d+/Cos[c+dx] \/bSec[c+dx] d+vbSec[c+dx]

Result (type 5, 99 leaves):

-((2]1 (A_2C+Ae“<c+“> +2 (-A+C)AJ1+ 2t (erdX)

) 7e21(c+dx)]])/ (d (1+e2i (crax)) m))

Hypergeometric2F1 [—

)

N |
Hjw

FNQUN
-
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Problem 21: Result unnecessarily involves higher level functions.
JAJrCSec[Cerx]2
(bSec[c+dx])®?

dx

Optimal (type 4, 77 leaves, 3 steps):

2 (3A+5C) EllipticE[i(c+dx),2] 2ATan[c+dx]
N

5b2d+/Cos[c+dx] VbSec[c+dx] 5d (bSec[c+dx])*?

Result (type 5, 135leaves):

e 1 (2¢+d%) gacrc+dx]2

8i (3A+5C) Hyper‘geometr‘icZFl[—i, i, , —e?i (cdx) ]

D |w

41 (3A+5C) +

+

1+ eZJ'l (c+d x)

2ASin[2 <c+dx)]} (Cos[2c+dx] +iSin[2c+dx1)J/ (10d (bSec[c+dx])5/z)

Problem 23: Result unnecessarily involves higher level functions.
JA+CSec[c+dx]2
(bsec(c+dx])??

dx

Optimal (type 4, 112leaves, 4 steps):

2 (7A+9C) EllipticE[i (c+dx), 2] 2 (7A+9¢C) sinfc+dx]
N

2ATan[c +dx]
N
15b*d+/Cos[c+dx] VbSec[c+dx] 45b%d (bSec[c+dx])>?

9d (bSec[Cerx])g/2

Result (type 5, 145leaves):

| i 1 1 3 21 (c+dx)
i e 96 i (7A+9C) Hypergeometric2Fl| 132 e ]

-336 1A-4321C+

1+ (EZJ'L (c+d x)

(76 A+72C) sin[2 (c+dx) | +1@ASin[4 (c+dX) |

(Cos[2c+dx] +iSin[2c+dx])

/(gsewm)

Problem 32: Result more than twice size of optimal antiderivative.

J—Cos[emcx] dx

Optimal (type 3, 11leaves, 1step):
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Sin[e + f x]
.F

Result (type 3, 23 leaves):
Cos[fx] Sin[e] Cos[e] Sin[fXx]

f f

Problem 34: Result more than twice size of optimal antiderivative.
JCOS[G+'FX]3 (-3+2Sec[e+fx]?) dx
Optimal (type 3, 19leaves, 1step):

Cos[e+fx]2Sin[e + f x]
.F

Result (type 3, 51leaves):
2Cos[fx] Sin[e] 2Cos[e]Sin[fx] 9Sinfe+fx] Sin[3 (e+fx)]

+ — —

f f 4f 4f

Problem 36: Result more than twice size of optimal antiderivative.
JCOS[e+'FX}5 (-5+4sec[e+fx]?) dx
Optimal (type 3, 19leaves, 1 step):

Cos[e+fx]*Sin[e+ fx]
.F

Result (type 3, 44 leaves):
Sin[e+fx] 3Sin[3 (e+fx)| Sin[5 (e+fx)]
8 f 16 f 16 f

Problem 37: Result more than twice size of optimal antiderivative.

JSec[c+dx13 (Bsec[c+dx] +CSec[c+dx]?) dx

Optimal (type 3, 85leaves, 7 steps):
3CArcTanh[Sin[c+dx]] BTan[c+dX]
+

8d d
3CSec[c+dx] Tan[c+dx] CSec[c+dx]3Tan[c+dx] BTan[c+dx]3

+ +

8d 4d 3d

+

Result (type 3, 227 leaves):
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_3ctLog[cos[} (c+dx)]-sin[} (c+dx)]]

+

8d

3CLog[Cos[i(c+dx)]+Sin[§(c+dx>]]+ C N
8d 16d(Cos{%(C+dXH—Sin[§(C+dX>])4
3¢ ¢

16d (Cos[i (c+dx)] —Sin[i (c+dx)”2 16d (Cos[% (c+dx) ] +Sin[§ (c+dx”)4

3C 2BTan[c+dx] BSec[c+dx]?Tan[c+dX]
+ +

16d(Cos[§<c+dx)]+Sin[§(c+dx)”2 3d 3d

Problem 40: Result more than twice size of optimal antiderivative.

j(BSec[c+dx] +CSec[c+dx]?) dx

Optimal (type 3, 24 leaves, 4 steps):
BArcTanh[Sin[c+dx]] CTan[c+dXx]
+
d d

Result (type 3, 81 leaves):
i*dTXH B Log [Cos [ *%]*Sin[ierTXH CTan[c +dx]

d d d

BLog[Cos[§+ dTX} - Sin|

Problem 41: Result more than twice size of optimal antiderivative.

JCos[c+dx1 (BSec[c+dx] +CSec[c+dx]?) dx

Optimal (type 3, 16leaves, 4 steps):
CArcTanh[Sin[c+dx]]
d

B X +

Result (type 3, 73 leaves):

CLog[Cos[§+ dz—x] —Sin{§+ dTXH Clog[Cos[ <+ 9*] +Sin|

< in[€ 4 9x]]
Bx- . 2 2 2 2
d d

Problem 54: Result more than twice size of optimal antiderivative.

JSec[c+dx}4 (A+BSec[c+dx] +CSec[c+dx]?) dx

Optimal (type 3, 122leaves, 7 steps):
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3BArcTanh[Sin[c+dx]] (5A+4C)Tan[c+dx] 3BSec[c+dx] Tan[c+dx]

+ + +
8d 5d 8d
BSec[c+dx]3Tan[c+dx] CSec[c+dx]*Tan[c+dx] (5A+4C)Tan[c+dx}3
+ +
4d 5d 15d

Result (type 3, 285leaves):
3BLog[Cos[i (c+dx)] 7Sin[§ (c+dx)]]

+

8d

BBLog{Cos[%<c+dx)]+Sin[%(C+dX>H+ B N
8d 16d(Cos[i(c+dx”—5in[i(c+dx)])4
3B B

16d (Cos[% (c+dx)] —Sin[% (c+dx)”2 _ 16d (Cos[% (c+dx)] +Sin[% (c+dx”)4_

3B 2ATan[c+dx] 8CTan[c+dXx]
+ +

16d(Cos[§(c+dx)]+Sin[§(c+dx)”2 3d 15d

+

ASec[c+dx]?Tan[c+dx] 4CSec[c+dx]?Tan[c+dx] CSec[c+dx]*Tan[c+dX]
+ +

3d 15d 5d

Problem 55: Result more than twice size of optimal antiderivative.

JSec[c+dx]3 (A+BSec[c+dx] +CSec[c+dx]?) dx

Optimal (type 3, 97 leaves, 6 steps):
(4A+3C) ArcTanh[Sin[c+dx]] BTan[c+dx]

+ +
8d d
(4A+3C)Sec[c+dx] Tan[c+dx] CSec[c+dx]3Tan[c+dx] BTan[c+dx]3
+ +
8d 4d 3d

Result (type 3, 353 leaves):
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_ALog[Cos[F (c+dx)] -Sin[} (c+dx]]]

2d
3CLog[Cos[2 (c+dx)] -sin[? (c=dx)]] Alog[cos[? (c+dx)]+Sin[2 (crdx)]]
5 d " 2d '
3CLog[Cos[i(c+dx)]+Sin[§(c+dx>]]Jr C N
8d 16d(Cos[i(c+dx)}fsin[i(c+dx)])4
A 3C

+ —

4d (Cos[% (c+dx)] —Sin[% <c+dx)])2 16 d (Cos[% (c+dx)] —Sin[i <c+dx)])2
C A

16 d (Cos[i (c+dx)] +Sin[i (c+dx)”4_4d (Cos[i (c+dx)] +Sin[§ <c+dx)])2

3C 2BTan[c+dx] BSec[c+dx]%2Tan[c+dXx]
+ +

16d(Cos[§(c+dx)]+Sin[§(c+dxm2 3d 34

Problem 57: Result more than twice size of optimal antiderivative.

JSec[c+dx} (A+BSec[c+dx] +CSecl[c+dx]?) dx

Optimal (type 3, 51leaves, 5steps):
(2A+C) ArcTanh[Sin[c+dx]] BTan[c+dx] CSec[c+dx] Tan[c+dx]

+ +

2d d 2d

Result (type 3, 151 leaves):

i -2 (2A+C) Log[Cos[% (c+dx)] 7Sin[§ (crdx)]]+

4ALog{Cos[§ (c+dx)] +Sin[§ (c+dx)]] +2CLog[Cos[% (c+dx)] +Sin[% (c+dx)]]+

C C
- +4BTan[c +dx]

(Cos[i (c+dx)] 7Sin[i (c+dx)])2 (Cos[i (c+dx)] +Sin[i (c+dx)])2

Problem 58: Result more than twice size of optimal antiderivative.

J(A+B5ec[c+dx] +CSec[c+dx]?) dx

Optimal (type 3, 27 leaves, 4 steps):
BArcTanh[Sin[c+dx]] CTan[c+dX]
+ +
d d

A X

Result (type 3, 84 leaves):
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B Log[Cos[ €+ 9*] ~sin] ¢ 4X] psin[ <y 94X ] CTan[c+dx]
AX - 2 + 2 2 2 +
d d d

Problem 59: Result more than twice size of optimal antiderivative.

JCos[c+dx} (A+BSec[c+dx] +CSecl[c+dx]?) dx

Optimal (type 3, 27 leaves, 4 steps):
CArcTanh[Sin[c+dx]] ASin[c+dXx]
+
d d

B X +

Result (type 3, 95 leaves):

d . d
BX-CLog[Cos[§+TX] —Sln[i TXH )

CLog{Cos[§+ dTX] +Sin[§+ dTXH ACos[dx] Sin[c] ACos[c] Sin[dXx]

+ +

d d d

Problem 65: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(bSec[c+dx])3/2 (A+BSec[c+dx] +CSec[c+dx]?) dx

Optimal (type 4, 178 leaves, 8 steps):
2b” (5A+3C) EllipticE[> (c+dx), 2]

+

5d+/Cos[c+dx] ~/bSec[c+dx]
2bB~/Cos[c+dx] EllipticF[% (c+dx), 2] VbSec[c+dXx]

+

3d
2b (5A+3C) VbSec[c+dx] Sin[c+dx] .
5d
2B (bSec[c+dx])*?sin[c+dx] 2C (bSec[c+dx])>*Tan[c+dx]
3d : 5d

Result (type 5, 618 leaves):
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4BCos[c+dx]7/?EllipticF| (c+dx), 2]

N |

(bsec[c+dx])*? (A+BSec[c+dx] +CSec[c+dx]2))/
(3d (A+2C+2BCos[c+dx] +ACos[2c+2dx])) - |22 Ae* (2ed0

1+e?t (a0 4 (L14e27¢) \J1+e?! (“9%) Hypergeometric2F1 [-

(bsecc+dx])*? (A+BSec[c+dx] +CSec[c+dx]?) /
(d (A+2C+2BCos[c+dx] +ACos[2c+2dx]) Sec[c+dx]”?) -

62 Cet(2crdx) Csc[c]

1+t (@80 4 (L14e?1¢) \/1+e?t (©9% Hypergeometric2F1[-

1
2

21 (C+dx)]

>R
MW

(bsec[c+dx])*? (A+BSec[c+dx] +CSec[c+dx]?) /

(5d (A+2C+2BCos[c+dx] +ACos[2c+2dx]) Sec[c+dx]7/?) +

Cos[c+dx]3 (bSec[c+dx}>3’/2 (A+BSec[c+dx] +CSec[c+dx]?)

4 (5A+3C) Cos[dx] Csc[c] 4cCSec[c]Secl[c+dx]2Sin[dx]

+ +

5d 5d
4 Sec[c] Sec[c +dx] (3CSin[c}+SBSin[dx]) 4BTan[c}]J/

+

15d 3d
(A+2C+2BCos[c+dx] +ACos[2c+2dx])

Problem 66: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J\/bSec[c+dx} (A+BSec[c+dx] +CSec[c+dx]?) dx

Optimal (type 4, 136 leaves, 7 steps):
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2bBELlipticE[ (c+dx), 2]

+

d~/Cos[c+dx] \/bSec[c+dx]
2 (3A+C) VCos[c+dx] EllipticF[> (c+dx), 2] VbSec[c+dx]

+

3d
2B+/bSec[c+dx] Sin[c+dx] 2C+vbSec[c+dx] Tan[c+dXx]
+
d 3d

Result (type 5, 302 leaves):

4-/bSec[c+dx] (A+BSec[c+dx]+CSec[c+dx]?)

1 ) e]'l (c+d x)

_— —_— 3B(1+e“(c*dx))+
,1+e21'1c 1+e21’1(c+dx)

. . 1 1 3 .
3B (-1+e? ) /1+e?! (9% Hypergeometric2Fl[-—, =, =, -e®* (<90 ] 4 (3A+()
4> 2 4
i (c+dx) 21ic 21 (c+dx) . 1 1 > 21 (c+dx)
e (-1+e®i ) /1+e Hypergeometric2Fl|[~, =, =, -e 1+
4 2 4

VSec[c+dx] (3BCos[dx]Cscl[c]+CTan[c+dx]) /

(3d (A+2C+2BCos[c+dx] +ACos |2 (c+dx)]) Sec[c+dx]>?)

Problem 67: Result unnecessarily involves higher level functions.

JA+BSec[c+dx] +CSec[c+dx]?
\bSec[c+dx]

dx

Optimal (type 4, 110leaves, 6 steps):
2 (A-C) EllipticE[} (c+dx), 2]

+

d+/Cos[c+dx] v/bSec[c+dx]
2B~/Cos[c+dx] EllipticF[i (c+dx), 2] VbSec[c+dx]

2CTan[c +dx]

+

bd d+/bSec[c+dx]
Result (type 5, 135leaves):
1 . 1
—e 1 (e+dX) (23«31 (exd%) +/Cos[c +dx] EllipticF|[= (c+dx), 2] -
bd 2
21 (c+dx) 21 (c+dx) 1 1 3 21 (c+dx)
A-2C+Ae +2 (-A+C)\/1+e Hypergeometric2F1[-~, =, =, -e ]
4’27 4

\bSec[c+dx]
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Problem 68: Result unnecessarily involves higher level functions.

A+BSec[c+dx] +CSec[c+dx]?
J dx

(bsec[c+dx])??

Optimal (type 4, 117 leaves, 6 steps):
2BELlipticE[} (c+dx), 2]

+

bd+/Cos[c+dx] vbSec[c+dx]
2 (A+3C) ~/Cos[c+dx] EllipticF[i (c+dx), 2] VbSec[c+dx]

+

2ATan[c +dXx]

3b2d 3d (bSec[c+dx])*?
Result (type 5, 143 leaves):
1 1 3 .
[2 (61‘1 B Hypergeometric2F1[- =, =, =, —e?! (/4] _
4 2 4
. e , 115 L.,
2i (A+3C) e' (9% Hypergeometric2F1[ =, —, =, —e?! (<90 ] 4
4 2 4
1+t (<99 (_3iB+ASin[c+dx]) ]/(Bbd 1+ et (4% \/pSec[c+dx]

Problem 69: Result unnecessarily involves higher level functions.

A+BSec[c+dx] +CSec[c+dx]?
J dx

(bsec[c+dx])>?

Optimal (type 4, 150 leaves, 7 steps):
2 (3A+5C) EllipticE[} (c+dx), 2]

5b2d+/Cos[c+dx] VbSec[c+dx]
2B~/Cos[c+dx] EllipticF[i (c+dx), 2] V/bSec[c+dx]

3b3d
2BSin[c +dXx] 2ATan[c +dXx]

.
3b2d~/bSecc+dx] 5d (bSec[c+dx])*?

+

Result (type 5, 183 leaves):

1 . 1
e ! (29 /psec[c+dx] |20B+/Cos[c+dx] EllipticF[= (c+dx), 2]+
30b3d 2
: -1 (c+d X) 21 (c+dx) s 1 1 3 21 (c+dx)
121 (3A+5C) e l+e Hypergeometric2F1[- =, =, =, -e |+
4 2 4
2Cos[c+dx] (-64 (3A+5C) +18BSin[c+dx] +3ASin[2 (c+dx)])

(Cos[2c+dx] +iSin[2c+dx])
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Problem 70: Result unnecessarily involves higher level functions.

A+BSec[c+dx] +CSec[c+dx]?
J dx

(bsec[c+dx])’?

Optimal (type 4, 185leaves, 8steps):
6BELLipticE[> (c+dx), 2]

+

5b3d+/Cos[c+dx] VbSec[c+dx]
2 (5A+7C) VCos[c+dx] EllipticF[ (c+dx]), 2] VbSec[c+dx]

21b*d
2BSin[c+dx] 2 (5A+7C) sin[c+dx] 2ATan[c +dx]
+ +

5b2d (bSec[c+dx])** 21b*d+/bSec[c+dx] 7d (bSec[c+dx])’’?

Result (type 5, 177 leaves):

+

21 (c+dx)
B 3 -€

[504 i B Hypergeometric2F1 [—

N |
Sw

1
4’

21 (c+dx)

. 1 .
401 (5A+7C) e’ (9% Hypergeometric2F1[~, ~ 2i(ed0 ] 4 \J1+e
2

5
2 e
4

1
4 B}
(5 (23A+28C) sin[c+dx] +3 (-841B+14BSin[2 (c+dx) ]| +5ASin|3 (c+dx)]))]/

(210b3d\/1+e“ (c+dx) /b Sec[c+dx]
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Summary of Integration Test Results

70 integration problems

A - 47 optimal antiderivatives

B - 13 more than twice size of optimal antiderivatives
C - 10 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



